An important issue related to the application of Gamma-Ray Bursts (GRBs) to cosmology is that the calibration of the luminosity relations of GRBs depends on the cosmological model due to the lack of sufficient low-redshift GRBs sample. In this paper, we present a new method to calibrate the GRB relations in a cosmological model independent way. Since sources at the same redshift should have the same luminosity distance, we obtain the distance modulus of a GRB at a given redshift by interpolating from the Hubble diagram of type Ia Supernovae (SNe Ia) of which the distance moduli are completely cosmological model independent. Then we calibrate seven GRB luminosity relations without assuming a particular cosmological model and construct the GRB Hubble diagram to constrain cosmological parameters. For a flat universe, we obtain Ω M = 0.25
Introduction
Observations of SN Ia provide a powerful probe in the modern cosmology. Phillips (1993) found that there is an intrinsic relation between the peak luminosity and the shape of light curve of SNe Ia. Thus, the SNe Ia can be used as standardized candles to measure the geometry and dynamics of the universe. The calibration of this intrinsic relation is carried out with a sample of SNe Ia at very low redshift where the luminosities of the SNe Ia are essentially independent of the cosmological parameters. Observations of SN Ia and other cosmological probes are found to be consistent with the so-called concordance cosmology, in which the universe is spatially flat and contains pressureless matter and dark energy, whose fractional energy densities are Ω M = 0.27 ± 0.04 and Ω Λ = 0.73 ± 0.04. However, the interstellar medium extinction exists when optical photons propagate towards us. In addition, the maximum redshift of the SNe Ia we can use nowadays is only about 1.7. Therefore, the earlier universe at higher redshift may not be well-studied without data from standardized candles beyond the SNe Ia redshift limit.
Gamma-Ray Bursts (GRBs) are the most intense explosions observed so far. Their high energy photons in the gamma-ray band are almost immune to dust extinction. Moreover, GRBs are likely to occur in high redshift range up to at least z = 6.6 (Krimm et al. 2006) . Thus, by using GRBs, we may explore the early universe in the high redshift range which is hardly achievable by other cosmological probes. These advantages make GRBs attractive for cosmology research.
The luminosity relations are connections between measurable parameters of the light curves and/or spectra with the GRB luminosity or energy. In recent years, several empirical GRB luminosity relations as distance indicators have been proposed (see e.g. Schaefer (2007) , Ghirlanda et al. (2006) for reviews), such as the luminosity (L)-spectral lag (τ lag ) relation (Norris, Marani & Bonnell 2000) , the luminosity-variability (V ) relation (Fenimore & Ramirez-Ruiz 2000; Reichart et al. 2001 ), the isotropic energy -peak spectral energy (E iso -E p ) relation (Amati et al. 2002) , the collimation-corrected energy (E γ )-E p relation (Ghirlanda, Ghisellini & Lazzati 2004) , the luminosity-E p relation (Schaefer 2003a; Yonetoku et al. 2004) , and two multi-variable relations. One of which is among E iso , E p and the break time of the optical afterglow light curves (t b ) (Liang & Zhang 2005) ; the other is among luminosity, E p and the rest frame "high signal" timescale (T 0.45 ) (Firmani et al. 2006) .
Several authors have made use of these luminosity indicators as standard candles at very high redshift to constrain cosmological parameters. Schaefer (2003b) derived the luminosity distances of 9 GRBs with known redshifts by using two GRB luminosity relations to construct the first GRB Hubble diagram. Dai, Liang & Xu (2004) considered the Ghirlanda relation for 12 bursts and proposed another approach to constrain cosmological parameters. Firmani et al. (2005) firstly proposed a Bayesian method for the cosmological use. Liang & Zhang (2005) and Wang & Dai (2006) constrained cosmological parameters and the transition redshift using the E iso -E p -t b relation. More recently, Schaefer (2007) used 69 GRBs for five GRB relations with two adopted cosmological models to get the derived distance moduli for plotting the Hubble diagram. Wang, Dai, & Zhu (2007) presented constraints on the cosmological parameters and dark energy by combining the 69 GRBs sample with the other cosmological probes.
However, an important point related to the use of GRBs in cosmology is the dependence of the cosmological model of the calibration of GRB relations. In the case of SN Ia cosmology, there are adequate sample at low-redshift which can be used to calibrate the Phillips relation essentially independent of any cosmological model. However, in the case of GRBs, the observed long-GRB rate falls off rapidly at low redshifts. Therefore, it is very difficult to calibrate the relations using a low-redshift sample. The relations of GRBs presented above have been derived by assuming a particular cosmological model (e.g. the ΛCDM model). In order to investigate cosmology, the relations of standard candles should be calibrated in a cosmological model independent way. Otherwise the so-called circularity problem can not be avoided easily. In principle, the circularity problem can be avoided in two ways ): (i) through a solid physical interpretation of these relations which would fix their slope independently from cosmological model, or (ii) through the calibration of these relations by several low redshift GRBs. Recently the possibility of calibrating the standard candles using GRBs in a low dispersion in redshift near a fiducial redshift has been proposed (Lamb et al. 2005; Ghirlanda et al. 2006) . Liang & Zhang (2006) elaborated this method further based on the Bayesian theory. But the GRBs sample available now is far from the requirement to calibrate the relations in this way.
In the case of SN Ia cosmology, the distance of nearby SNe Ia used to calibrate the Phillips relation can be obtained by measuring Cepheids in the same galaxy. Thus Cepheids has been regarded as the first order standard candle to calibrate SNe Ia as the secondly order standard candle. It is obvious that sources at the same redshift should have the same luminosity distance in any cosmology. In the case of calibration of GRBs, there are so many SNe Ia samples (e.g., 192 SNe Ia in Davis et al. 2007 ) that we can obtain the distance moduli (also the luminosity distance) at any redshift in the redshift range of SN Ia by interpolating from the Hubble diagram of SNe Ia. Furthermore, the distance moduli of SN Ia obtained from Phillips relation are completely cosmological model independent. Therefore, in the same sense as Cepheids and SNe Ia, if regarding the SNe Ia as the first order standard candle, we can obtain the distance modulus of GRBs in the redshift range of SNe Ia and calibrate the relations of GRBs in a completely cosmological model independent way. Then if we further assume that these relations of GRBs are still valid in the whole redshift range of GRBs, as just like SNe Ia, we can use the standard Hubble diagram method to constrain the cosmological parameters at high redshift.
The Calibration of the Luminosity Relations of Gamma-Ray Bursts
We adopt the data of 192 SNe Ia from Davis et al. (2007) and show them in Figure 1 . It is clear that for the GRBs in the redshift range of SN Ia, there are enough data points of SN Ia and the redshift intervals of the neighboring SN Ia data points are also small enough, in order to use interpolation methods to obtain the distance moduli of GRBs. There is only one SN Ia point (the redshift of SN1977ff is z = 1.775) at z > 1.4, therefore we exclude it from our SN Ia sample used to interpolate the redshift of GRBs in the redshift range of SN Ia sample. As the distance modulus obtained by interpolating from SN Ia Hubble diagram is independent of the cosmological model, we can therefore calibrate the GRB luminosity relations with the sample at z ≤ 1.4.
In this section, we calibrate seven GRB luminosity relations below, i.e., the τ lag -L relation, the V -L relation, the E p -L relation, the E p -E γ relation, τ RT -L relation (where τ RT is the minimum rise time-luminosity), the E iso -E p relation, and the E iso -E p -t b relation.
The isotropic energy released from GRB is calculated by
, where d L is the luminosity distance of the burst and S bolo is the bolometric fluence of gammarays in the burst. The total collimation-corrected energy of the GRB is then calculated by E γ = F beam E iso , where the beaming factor, F beam is (1 − cos θ jet ) with the jet opening angle, θ jet . The isotropic luminosity is given by L = 4πd 2 L P bolo , where P bolo is the bolometric flux of the gamma-rays in the burst.
A GRB luminosity relation can be generally written in the form of
where a and b are the intercept and slope of the relation respectively; y is the luminosity (L) or energy (E iso or E γ ); x is the GRB parameters measured in the rest frame, e.g., τ lag (1 + z) −1 /(0.1 s), V (1 + z)/0.02, E p (1 + z)/(300 keV), τ RT (1 + z) −1 /(0.1 s), E p (1 + z)/(300 keV), for the six 2-variable relations above. We adopt the data of these quantities from Schaefer (2007) . For the one multi-variable relation (i.e., the E iso -E p -t b relation), the calibration line is log
We determine the values the intercept (a) and the slope (b) with their 1-σ uncertainty with our interpolation method of the six 2-variable relations by the method of the bisector of the two ordinary least-squares lines (Isobe et al., 1990 ) used in Schaefer (2007) and one multivariable relation by the multiple variable regression analysis. The results are summarize in Table 1 . In the previous treatment, the distance moduli are obtained by assuming a particular cosmological model of a hybrid sample in the whole redshift range of GRBs. The results of the same sample (z ≤ 1.4) with the ΛCDM model are also listed in Table 1 for comparison.
We find the results of the calibration with the linear interpolation method are almost identical to the results with the cubic interpolation method. We list the results with the cubic interpolation method in Table 1 and plot the GRB sample at z ≤ 1.4 with the two interpolation methods in Figure 1 . We also find the results of the calibration of the same GRB sample by assuming a cosmological model (the ΛCDM model or the Riess cosmology which used to calibrate the GRB relations in Schaefer (2007)) differ only slightly from, but still fully consistent with the results of our interpolation method. The reason for this is easy to understand, since the both cosmological models are fully compatible with the SN Ia data. Nevertheless, it should be noticed that the results of our interpolation method are completely cosmology independent.
The Hubble Diagram of Gamma-Ray Bursts
Utilizing the calibrated relations of GRBs and assuming the relations do not evolve with redshift, we are able to obtain the luminosity (L) or energy (E iso or E γ ) of the high redshift GRBs (z > 1.4). Therefore, we can obtain the luminosity distance d L . A distance modulus can be calculated as µ = 5 log d L + 25 (d L is in the units of Mpc).
We use the same method as Schaefer (2007) to obtain the best estimate µ for each GRB which is the weighted average of all available distance moduli. The derived distance modulus for each GRB is µ = (
with its uncertainty σ µ = ( i σ −2 µ i ) −1/2 , where the summations run from 1 to 5 over the five relations used in Schaefer(2007) with available data.
We have plotted the Hubble diagram of 69 GRBs obtained from the interpolation method in Figure 1 . The 27 GRBs at z ≤ 1.4 are obtained by interpolating from SNe data. We can find the results of the calibration with the linear interpolation method are almost identical to the results with the cubic interpolation methods. The 42 GRBs at z > 1.4 are calibrated with the calibration results from the sample at z ≤ 1.4 with the cubic interpolation method.
Then the cosmological parameters can be fitted by the minimum χ 2 method. The definition of χ 2 is
in which µ th is the theoretic value of µ; for the ΛCDM model, the theoretic value of d L is
where Ω k = 1 − Ω m − Ω Λ , and sinn(x) is sinh for Ω k > 0, sin for Ω k < 0, and x for Ω k = 0. µ th, i , µ obs, i , and σ i are the distance modulus predicted from theory, the observed distance modulus and the error of the observed distance modulus, respectively. We adopt H 0 = 70 km s −1 Mpc −1 here. 
Summary and Discussion
With the basic assumption that sources at the same redshift should have the same luminosity distance, we can obtain the distance modulus of a GRB at given redshift by interpolating from the Hubble diagram of SNe Ia at z ≤ 1.4. Since the distance modulus of SN Ia is completely cosmological model independent, the GRB luminosity relations can be calibrated in a completely cosmology independent way. Instead of a hybrid sample in the whole redshift range of GRBs used in the previous treatment, we choose the GRBs sample only in the redshift range of SN Ia to calibrate the relations. We find there are not significant differences between our results and the previous treatment which are cosmological model dependent of the same GRBs sample. This is not surprising, since the ΛCDM model and Riess cosmology are consistent with the data of SN Ia. Therefore, the GRBs luminosity relations obtained from them should not be far from the true ones. However, we stress again that the luminosity relations we obtained here are cosmological independent completely.
We have applied the calibrated relations to constrain the cosmological parameters. Since our method does not depend on a particular cosmological model when we calibrate the parameters of GRB luminosity relations, the so-called circularity problem can be completely avoided. We construct the GRB Hubble diagram and constrain cosmological parameters by the minimum χ 2 method as in the SN Ia cosmology. We obtain Ω M = 0.25
−0.05 and Ω Λ = 0.75 +0.05 −0.04 from the 42 GRBs at z > 1.4 for a flat universe, which is consistent with the concordance model within the statistical error. Our result suggests the ΛCDM model is still consistent with the GRB observation data at high redshift up to z = 6.6. This indicates that the dark energy does not change by more than 20% at 3-σ confidence (99.73% significance) for 1.4 < z ≤ 6.6 for a flat universe, compared to Ω Λ = 0.73 ± 0.04 at lower redshift of SNe Ia. 
